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The equations governing the quasi-one-dimensional unsteady motion 
of an ideal, inviscid, perfectly conducting monatomic compressible fluid, 
subjected to a transverse magnetic field, are linearized in the neighbor- 
hood of a known simple wave flow and weakly nonisentropic perturbations 
are considered. The perturbations superposed on centered and non- 
centered simple wave flow in nonuniform ducts may then be determined 
quadratures. 
I. INTRODUCTION 
Since the equations governing the motion of a perfectly conducting com- 
pressible fluid belong to the class of reducible hyperbolic equations, it is 
possible to develop a theory of simple waves rather parallel to that of con- 
ventional gas dynamics. This was done quite elegantly by Friedrichs [l] and 
amplified by others. 
Although simple waves do not exist in nonisentropic flows, nonisentropic 
perturbations of simple waves in isentropic flows have been shown to exist. 
For conventional one-dimensional gas dynamic flows, the nor&entropic 
perturbation of a centered simple wave and the isentropic perturbation of an 
arbitrary simple wave were given by Germain and Gundersen [2] and a 
further discussion given by Gundersen [3]. The nonisentropic perturbation 
of an arbitrary simple wave was presented in [4]. The results of these papers 
were utilized to discuss simple wave flow in ducts with small nonuniform 
cross-sectional area distributions [5]. 
In a recent paper [6], it was shown that the aforementioned results could 
be extended to the magnetic case so that the nonisentropic perturbation of a 
centered hydromagnetic simple-wave could be determined by quadratures. In 
the present paper, it is shown that the results of [6] may be extended and 
used to discuss hydromagnetic simple wave flow in nonuniform ducts. 
First, the basic equations are written in characteristic form and, limiting 
the analysis to a monatomic gas, it is seen for isentropic flows that analogs of 
__--- 
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the Riemann invariants can be determined explicitly so that a complete 
solution is possible for simple wave flow. A relation between the induction 
and the local sound speed is obtained from the characteristic system and used 
to reduce the governing equations from four to three, and, in order to bring 
the equations into close analogy with those of conventional gas dynamics, a 
change of dependent variables is introduced which transforms the generalized 
Riemann invariants into linear relations. Then, restricting the analysis to small 
entropy perturbations and linearizing the basic equations in the neighborhood 
of the known (isentropic) simple wave flow leads to a system of linear equa- 
tions with the same characteristic surfaces as the original system, and a 
solution is obtained through the use of techniques developed in [2]. 
First, the centered simple wave, generated by the impulsive withdrawal of 
a piston, is considered, and the general solution is obtained for the perturba- 
tion superposed on the main wave when it passes into a nonuniform section. 
Further, if the nonuniform section joins two sections of constant but unequal 
cross-sectional area, the net effect of passage through the transition section 
may be determined by the present analysis. For the centered wave, it is 
assumed that the perturbed flow is isentropic. This is because the non- 
isentropic perturbation of a centered hydromagnetic simple wave (to be 
added to the solution presented herein for nonisentropic perturbed flow) has 
already been given in [6]. Finally, the nonisentropic perturbation of an 
arbitrary simple wave, which includes the centered simple wave as a special 
case, is presented. 
II. GENERAL THEORY 
The quasi-one-dimensional unsteady flow of an ideal, inviscid, perfectly 
conducting monatomic compressible fluid, subjected to a transverse magnetic 
field, i.e., the induction B = (0, 0, B), is governed by the system of equations: 
P = exp [(7 - 7*) co] p5j3 (2-l) 
Ct + % + yE+=?+) 
fi&! 9ca7e 0 3wc + Ut + wz + 7 - 1oc, = 
(2.2)1 
(2.3) 
B,+uB,-+Bu,=O (2.4) 
7: +u7s=o (2.5) 
* A derivation of this form of the continuity equation is given in (33. 
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where P, p, r], 7*, u, c, b2 = B8/pp, p, c,, and A are, respectively, the pressure, 
density, specific entropy, specific entropy at some reference state, particle 
velocity, local speed of sound, square of the Alfvkn speed, permeability, 
specific heat at constant volume, and cross-sectional area. Partial derivatives 
are denoted by subscripts and all dependent variables are functions of x and t 
alone save A which is considered time independent. The characteristics of 
this system are: 
dx 
-&=u,ufw,u-w 
where w = [c” + bsJ1la which corresponds to the limiting case of a fast wave. 
A derivation of the characteristic form of Eqs. (2.2)-(2.5) was given in [6]. 
From this, it was seen that B = r,c9 and since p = r.#, with constants rl and 
Ye, it followed that: 
*4+X3 
so that 
w% = cB(1 + Kc) (2.6) 
Hence, analogs of the Riemann invariants could be determined explicitly, viz., 
:+ k 
(1 + kP = f- (w/c)9 2 +K=a 
-- 
2”+ k 
(1 + JWa = _ u (w/c)” 
2-+7= 
B 
(2.7) 
(2.8) 
where (oL,~) may be considered as generalizations of the usual Riemann 
invariants. 
In order to bring the present theory into close analogy with that of con- 
ventional gas dynamics, it is convenient to make a transformation of depen- 
dent variables so that relations (2.7) and (2.8) become linear. This is effected 
by the substitution w = (w/c)” so that the basic system (2.2)-(2.5) becomes: 
?+yE+ ~+%I&* 
?+yE+F--= 97aF2 () 
2oc, 
7t + u7z = 0 (2.11) 
where it has been noted that 
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and (2.4) omitted so that the basic system (2.2)-(2.5) is effectively reduced to 
three equations. Adding and substracting (2.9) and (2.10) gives: 
2 + T + (u + 0) [Jp + $q + s - g$ = 0 (2.12) 
- t$ + 7 + (24 - W) [F - $1 + $ + $$$f- = 0 (2.13) 
The system (2.1 l)-(2.13), which is valid for uniform or simple wave flows 
only, is that to be utilized throughout the present analysis. A formal lineariza- 
tion of this system in the neighborhood of a known isentropic solution, 
denoted by the subscript zero, leads to the following system of linear equa- 
tions for the terms of first order, denoted by the subscript one: 
uo~oA1x 9& +r--= 204 0 
I 
Wl --- 
k !?, ] + (Ul - (4) 13 - -$-I 2 
U0%4* 
+ 2A, 
+gAEo 
2oc, 
(2.14) 
71, + WlZ = 0 (2.16) 
From (2.16) it is clear that Q remains constant along the particle paths of the 
given flow, i.e., along dx/dt = %. Since p,(dx - u,,dt) is the exact differential 
of a function I,!J~ such that #o equated to a constant defines the particle paths, 
-the solution of (2.16) may be written as: 
71 = Wo) (2.17) 
with D an arbitrary differentiable function. It is convenient to define a new 
function To(x, t) by: 
9c;7)1r = 9c&Dy~*) = lOc,T, (2.18) 
Then, introducting the functions: 
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and nothing that 
are the characteristic parameters of the basic flow, Eqs. (2.14) and (2.15) 
may be written as: 
R, + (u. + wo) R, + [3R - S - w] F = +’ - + (2.19) 
0 0 
St + (u o-Wo)&+[R-3S+~. +=-+ 3w;/s 3 - yp (2.20) 0 
Since (2.19) and (2.20) are linear, solutions may be superposed, e.g., the 
associated homogeneous system (To = 0, A, = 0) may first be solved and 
then the effects of entropy perturbations and/or cross-sectional area variations 
included by adding particular solutions. For the centered simple wave, only 
isentropic perturbed flow will be considered. This is because the nonisentropic 
perturbation of a centered simple wave has already been given in [6] and, 
further, because the solution for the nonisentropic perturbation of an arbitrary 
(noncentered) simple wave, which contains the centered wave as a special 
case, is presented in Section V. 
III. THE CENTERED SIMPLE WAVE 
It is assumed that the wave is produced by the impulsive withdrawal of a 
piston in a tube filled with gas initially at rest. Let the origin of the (x, t) 
coordinate system be taken at the initial position of the piston so that the 
resultant rarefaction wave is centered at the origin and characterized by 
/I = PO, a constant. On each characteristic, &/dt = u + w (to simplify the 
notation, the subscript zero will be omitted for the base flow), (u, c, B) are 
constant and these characteristics are- straight lines in the (x, t) plane. The 
wave may be represented by: 
x = (24 + w) t (3-l) 
-- 
;+ k 
[l + kW = rs, = [I + k43’2 
k (3.2) 
where the subscript t denotes stagnation quantities. The wave propagates with 
velocity W, into the gas at rest. 
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From (3.1) and (3.2), it is possible to explicitly determine the flow para- 
meters in the wave. The substitution qz = 1 + k leads to the cubic: 
which yields the solution: 
q = 4’3 + 413 
where 
A l=d+(dz-& l” A, = d _ (dz - -i&” 
d = Wo + @t) 
3 
From this result and the definition of the characteristic parameters, it follows 
that: 
w = g _ 2(&” + &“I a + PO [k(a + 190s,)/~l*” 
k 3k =----- 2 k (3.3) 
(1 + kC)ljz = 413 + 4’3 
3a PO Ma + BoKW” x ---- =- 
2 2 k t 
Differentiating (3.7) with respect to x gives: 
1 
Or, = [(SW” - c”)/6&] t 
(3.4) 
1 (3.5) 
(3.6) 
(3.7) 
Substituting these results into (2.19) and (2.20), restricted to isentropic 
perturbed flow gives: 
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S will be determined directly from(3.10) and then R may easily be determined 
from (3.9). 
The solution for S may be determined from the ratios: 
dt dx dS -.--Z -F-c 
1 
(3.11) 
U-W - ~A,,/~ 
From the first two ratios of (3.11) and (3.1): 
dx 
td(u + 4 = u _ w 
z=“+w+ & 
(3.12) 
Since through the use of (2.6) and (2.8) 
II + w = c[l + kc]“2 + 2[1 +khJs’z - 2/$ 
Eq. (3.12) may be written as: 
?+[:+2(1:k) 1 dc = 0 
which has the solution: 
W[l + I+‘2 = u, a constant (3.13) 
which may be written as: 
pot2 = constant (3.14) 
and this is a convenient representation of the curvilinear cross-characteristics 
of the simple wave. 
From the last two ratios of (3.11): 
dS U4, -=- 
dx (u - w) 2A 
(3.15) 
In the integration of (3.19, the first integral (3.13) may be utilized, but it 
does not seem possible to give a closed form solution even for simple A,. Thus 
the solution is formally written as: 
s = - [I (*)I.$ - 
(3.16) 
where the notation indicates that the integration is to be carried out with 
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constant (T. Thus the two first integrals (3.14) and (3.16) allow the solution 
to (3.1) to be written as: 
S = 2(,r~w)“~ tF’[pt2] - $$$‘& + [j- A,(x) d (G)] GA 
(3.17) 
where the notation { }g indicates that the quadrature is to be carried out with 
0 constant after which it is to be replaced by its value as given by (3.13) to 
give the solution (3.17). T o simplify the notation, let the last term in(3.17) be 
denoted by A(x, t). F is an arbitrary differentiable function, and this form 
of solution is chased to obtain a simpler form for the solution for R. 
The solution to (3.9) may be obtained from the ratios: 
dt dx -=-= 
t x {- R + (3w2 + c”) S,;2 - ~2) - uwtA&A} 
(3.18) 
From the first two ratios of (3.18), one first integral is: 
+ =f, a constant (3.19) 
i.e., the rectilinear characteristics. From the first and last ratios of (3.18): 
d(Rt) (3w2 + c”) S uwtA,, -= -- 
dt 9f.02 - c2 2A 
(3.20) 
To integrate (3.20), the first integral (3.19) may be used, i.e., on x/t =f, 
(u, w, c) are constants so that the following first integral is obtained: 
Rt - (3~~ + c2) [ Tzf,: + j-Aft> t) dt - (&) j- 
A,(ft) dt 2A 1 9w2 ‘_ ct 
+ UUJ / t [ dAift) ] dt & = constant (3.21) 
Thus, in summary, the solutions for R and S are: 
s = 2(pw)1’2 tF’[pP] - (3.22) 
Rt = (3w2 + c”) FW21 
(9c.02 - c2) (pw)“2 + r(x, t) -I G (f) 
(3.23) 
where G is an arbitrary function and r(x, t) denotes the result obtained when 
the quadratures in (3.21) are carried out with constant f and then f is replaced 
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by x/t. For nonisentropic perturbed flow, the particular solution of [6] must 
be added to (3.22) and (3.23). 
IV. BOUNDARY VALUE PROBLEM 
The general solution (3.22) and (3.23) is valid for a piston withdrawn at 
any impulsive speed. For simplicity, it is assumed in the present section that 
the pie on is retracted with speed uP = 2[1 - (1 + k~,)~/~]/k so that the 
resultant wave is completed at the piston where sound speed and density 
are zero with the result that no perturbations can reach the piston and be 
reflected back into the flow. This is in direct analogy with the “escape speed” 
of conventional gas dynamics though that term is inappropriate for the case 
of a transverse magnetic field since the approach employed herein restricts the 
consideration to the limiting case of a fast wave for which cavitation is not 
possible. For this problem, d = Kx/6t + (1 + Kc,)3/a/3. 
The centered rarefaction wave passes into the nonuniform section where 
the gas is initially at rest so that on the first rectilinear characteristic (head) 
of the wave, R = S = 0. From (3.22): 
%wt21 -- = - 
bwr)1’2 I 
A(w,~, t) dt = Al(t) 
so that 
JIw21 = (pr~#‘~ -4, [I (f!f-)1’2/ t] (4-l) 
The function G(x/t) in (3.23) determines the perturbations which travel along 
the rectilinear characteristics of the simple wave and is determined by the 
perturbations carried to the piston along the curvilinear cross-characteristics. 
In the present case, G is determined by the perturbations at the origin only 
and since these are zero, it is clear that G is at most a constant which may be 
chosen as zero for convenience. See Sections 6 and 7 of [3] for a complete 
discussion of this point. Thus the solution is: 
s = .qvt] - 
Rt = “,w:2+vc;! ” Al[vt] + I-(x, t) (4.31 
where v = (p+~,./pw)l/2. 
The solution for R is valid in the region bounded by QPO and x = 0 in 
Figure 1, while the solution for S is valid in the region bounded by QPO, 
x = 0 and the curvilinear characteristic through the point Q. 
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Further, suppose the nonuniform section terminates in a section of constant 
area, i.e., it forms a transition section of finite length between two sections of 
constant cross-sectional area. To determine the net effect of passage through 
t 
/ 
FIG. 1 
the transition section, the perturbed flow in the simple wave after the area 
variation has been passed may be found by using the general solution for the 
perturbation of a centered simple wave in a uniform duct, viz., 
s = 2(pw)“2 tF’[pwta] 
R = (302 + 9) (pw)l?glyij + G (-y 
The lItrid in front of the wave is assumed at rest so that the first condition is 
that on the first characteristic of the wave, x = w,t, R = S = 0. This shows 
that the function F is at most a constant which may be chosen as zero for 
convenience, i.e., no perturbation is carried along the curvilinear character- 
istics. At the terminal cross section of the transition section, say x = b, 
R is known, say R*(t), and given by (4.3) with x = b which allows the 
determination of G. Thus the solution may be written as: 
s =o, R= 
bR*(tb/x) 
X 
which gives ur = R, w, = kR/2. 
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A representation of the flow is given in Fig. 1. On the first characteristic 
of the wave OFQR, R and S are zero. The area variations cause a perturbation 
which is propagated along the curvilinear cross-characteristics which asymp- 
totically approach the direction of the particle paths. No perturbation can 
reach the piston where sound speed and density are zero so that ur and wr 
are zero at the piston. The piston path is both a particle path and a rectilinear 
characteristic. On QR, S = 0 which shows that B = 0 throughout R&S. 
Hence, no perturbation is propagated aIong the curvibnear characteristics 
in this region. This is because the tube is again of constant cross section and no 
perturbation can be carried along the curvilinear characteristics to the line 
x = b. R is given along QS from the solution in the transition section which 
determines R in the region RQS. The perturbations determined by -4 are 
carried only along the rectilinear characteristics in RQS. To the right of 
OPQR, the gas is at rest. 
V. THE ARBITRARY SIMPLE WAVE 
If the acceleration of the piston from rest to a constant final velocity does 
not take place instantaneously but, rather, the piston is withdrawn with 
increasing speed until a final constant velocity is attained, a so-called arbitrary 
simple wave is generated. The perturbation caused by the area variations can 
be determined by an analysis similar to that used for the centered rarefaction 
wave. Further, it is not assumed that the perturbed flow is isentropic so that 
the results of this section also yield the nonisentropic perturbation of an 
arbitrary simple wave-a result which is itself of intrinsic interest. 
The governing equations are (2.19) and (2.20) and, with [X,,(Z), t,(z)] the 
parametric representation of a curvilinear characteristic of the wave, the 
wave may be represented by: 
44 [l + kc13’2 -2+-r-= B 0 (5.2) 
Then, equation (2.20) reduces to: 
s, + (24 - w) s, = - 2 - !$E (5.3) 
To solve (5.3), it is convenient to change from the independent variables 
(% t) to (z, 7). With S(x, t) = Sr(z, T), 4,(x, t) = &(a, T), it follows that: 
Pm = s,, - 4P1, 
1st = Nu - 4 t; + (u’ + w’) T] s,, - (u + w) s,, 
J = x; + T(U’ + w’) - (28 + w) t; 
9 
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where primes denote differentiation with respect to the argument. From (2.8) 
and (5.2): 
id + w = 2[1 + kcJ3’2 + c[l + kc]l’2 - 2/3a 
k 
so that 
ut + wI = (9w2 - c”) c’ 
2wc 
Since the particle paths are given by pwr = constant, or by 
and from (2.18): 
y = c2(1 + kc)l14 G/2 = constant, 
T 
0 
= 9~~~c~Wt40) 
lOC,WT 
it is convenient to write: 
T 0 _ c2Jw9 --- 
2 WT 
(5.4) 
(5.5) 
(5.6) 
where !J is an arbitrary differentiable function. Equation (5.6) has the same 
content as (5.5). 
Consequently, the transformed equation corresponding to (5.3) is: 
(9w2 - c”) TC&, 
2wc 
- 2f.4, = - Jczsz’o- W”>, G&l 
WT 
(5*7) 
where 
J = _ zwt; + rc;[9;Ic- C”] (5.8) 
The solution to (5.7) is obtained from the system: 
2wcdr dz 
(9~2 - cs) TC’ = - = - [Jc~.~‘(~)/wT] --;A,24 (A,, - $A,,)  2w (5.9) 
From the first two ratios of (5.9): 
dT (9w2 - c”) c’dz = o 
7 + 4wac 
which yields the first integral 
c[l + kc]“* 71’2 = 0, a constant (5.10) 
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which may be written as: 
pw? = constant 
289 
(5.11) 
which is a convenient representation 
of the simple wave. 
From the last two ratios of (5.9): 
of the curvilinear cross-characteristics 
442, - 6424 dz - 
2A 
2ds 
1 
_ (go2 - C”) Q’(Y) dc _ ~G’(Y) dto _ &4,, -$,A2J dz 
2&( 1 + k)1’2 T( 1 + kc)“2 
To integrate (5.12), the previous first integral may be utilized. 
gives: 
(8 + W dc + & = o 
4c(l + kc) T 
and from the definition of y: 
Y=g 
Thus, (5.12) may be written as: 
or 
dS = _ cQ’b’) tdto + dd 4&z - C,&l dz 
1 ~(1 + kc)1’2 - 4A 
(5.12) 
This latter 
(5.13) 
dS, = 
2 
u( 1 + kc)5’8 
dR[;r] (dt, + dT) -U[A2z -;jbdd~ 
so that: 
0~s 
1= 
2 
+12c5dQ + 
s 
75/2c5 dQ ~u2/71p"] & 
dr 0 
- d 
s 
4% - G4zJ dz + constant 
8A 
Integrating the first integral in (5.14) by parts gives: 
u”S, 
- = ~~‘“tii2 [-$I - $ a [-$I d[cW2] + j- c5T512t; 2 dQ 
2 
- d 
s 
4%z - 642rl dz 
8A 
+ constant 
(5.14) 
(5.15) 
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Equation (5.13) yields a relation between z and 
dz -=- 4c(l + Kc) 
dr T(8 + 9kc) c’ 
7, VIZ., 
(5.16) 
and introduction (5.16) into the second integral in (5.14) and carrying out an 
integration by parts gives the integral: 
+ f ] f JZ [$I d [ cg7f12) ] 1, + constant 
The two first integrals (5.10) and (5.17) give the solution: 
(5.17) 
(5.18) 
where F is an arbitrary differentiable function and the notation { }G has the 
same significance as in (3.17). 
To simplify the notation, the solution (5.18) is written as: 
S, = ~(Pw)“~ ~F’[pw72] + 2rpfZ) k + U(z, T) + A*& 7) (5.19) 
where U and A* denote, respectively, the quadratures given by the second 
and third terms on the right-hand side of (5.18) and 
Since from the definition of the characteristic parameters of the basic flow 
3a A [(a + 180) WV3 #+“=---- 
2 2 k 
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it follows from implicit differentiation and the use of (5.6) that: 
so that R is to be determined from the equation: 
c2sd’(y) ilwAIZ =--- 
UT 2A 
(5.20) 
I.e., from the ratios: 
dt dx -=--- 
1 U-4-W 
=- __- 
[{(3w2 + c”) S - (9~” - c”) R),(9:R- c”) h - uwA,,/2A + c@=f(si 
---------__ 
(5.21) 
The integral of the first two ratios in Eq. (5.21) has the rectilinear characte- 
ristics for level curves. This first integral may be written as: 
2(x, t) = a, a constant (5.22) 
where the function is defined implicitly by: 
x - x&z) = [u(z) + w(z)1 [t- h&41 
From the first and last ratios of (5.21), the following differential equation is 
obtained: 
d(hR) 3w2 + c2 -- - 
dt [ 9w2 - 8 I 
x 4+4t - to12)l(~~)1’21 + qa t _ to) + A*@ 
I dt ? 
t - Lo) 
I 
(5.23) 
To integrate (5.23), the first integral (5.22) is employed, i.e., z may be treated 
as a constant. This gives: 
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hR = (3w2 + c2> QJ4 - $11 
(9d - 8) (pw)l’2 
+ ];:I $ :: [j qa, t - to) dt + 1 A*(% t - to) dt] 
+ 2c2(3w2 + c”) Q’(Y) h 
w(9d - c”) I 
--dt+;j%dt 
r(t 
- 
2A(:+ w) I 
h %dt 
dt a=z + constant 
(5.24) 
Denoting the quadratures indicated by the second and fifth terms on the 
right-hand side of (5.24) respectively by U* and V* and performing an 
integration by parts in the fourth term gives the final solution: 
[ 
4&t; 
t - to - (gw2 _ c2) cf 1 3w2 + c2 F[pw(t - to)3 R = w4 + gw2 _ c2 (pw)1/2 
+ u*(s q + v*(% t) 
+ 2c2(3w2 + c”) 
w(9w2 - c2 1 1s 
J-J(Y) 4dct’ 
r(t - to> II t - to - (gw2 _ ;2,p 1 dtla=z 
(5.25) 
where the notation { },=, indicates that the integrations are to be carried out 
with z replaced by the constant a, and then a is to be replaced by the variable z 
to give the solution (5.25), and G is an arbitrary function. 
Equations (5.19) and (5.25) give the general solution to (2.19) and (2.20) 
in terms of three arbitrary functions F, G, and Q. Theoretically, these 
functions may be determined in an actual problem which is easily seem from 
a generalization of the discussion given in section 6 of [3]. 
The results of the present section include those of section 3 as a special 
case. To obtain the solution for a wave centered at the origin, it is sufficient 
to let x0 = 0, t,, = 0 and x = x/t. For no area variations, this is seen to agree 
with the results presented in [6]. 
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